Introduction
============

Numbers are of enormous significance for modern society. They form the basis of currency and economic systems, of measurement and calculation, of engineering and the natural sciences, and, as a matter of course, lie at the heart of mathematics. Therefore, teaching mathematical skills plays an important role in preschool and school education. However, before children are able to perform their first symbolic algorithms such as multi-digit addition and multiplication they must have mastered two representational number systems: a verbal system (e.g., English number words) and a notational system (e.g., Arabic digits).

The main competence that children have to acquire with these systems is to represent and handle the numerical information *internally* (Zhang and Norman, [@B25]). Using one\'s fingers for numerical tasks may indicate that parts of the internal processes still require external support and are not mastered adequately, but it would be erroneous to infer that finger strategies are not worthy of support. On the contrary: we argue that one\'s fingers, applied properly, provide a natural, and readily available toolkit for modeling numerical information and reflecting on numerical concepts (cf. Fuson and Secada, [@B11]; Carpenter et al., [@B4]; Wright et al., [@B23]; Guha, [@B14]; Andres et al., [@B2]). This position is exemplified for the acquisition of the verbal number system and for verbal processes involved in counting and calculating. Following Zhang and Norman\'s ([@B25]) representational analysis of notational systems, we analyze which features of the verbal system can be accessed externally, which have to be represented internally, and how this may be supported -- or hindered -- by finger counting strategies.

Learning the Verbal Number System
=================================

Number words refer to the (theoretically) infinite set of natural numbers, the positive integers. This set defines a ratio dimension, providing *category* (or nominal) information for judging whether or not two numbers are equal, *magnitude* (or ordinal) information for judging whether a number is smaller or greater than another, and *interval* as well as *ratio* information for assessing differences between and proportions of numbers.

Number words are distributed representations in that they make available some of this information externally -- ready to be picked up by auditory or visual processes -- while other information needs to be retrieved from memory and is thus available only internally (Zhang and Norman, [@B25]). In the case of number words, category information on whether a word is equal to or different from another can be perceived externally, whereas magnitude, interval, and ratio information cannot and therefore must be learned in order to be available. This is difficult not only because number is an abstract concept (Wiese, [@B22]), but also because three different kinds of numerical relations are involved (for a micro-genetic single case study of how the first number words are acquired, see Palmer and Baroody, [@B20]). One\'s own fingers support essential learning processes: in the beginning, they help to differentiate numerals by relating different phonological patterns to different finger patterns; later on, they help in the acquisition of numerical information as the fingers provide a ratio dimension of at least 10 units.

Number words constitute a numerical system with distinct properties such as dimensionality and regularity (Bender and Beller, [@B3]). While *one-dimensional* systems use a separate lexeme for each number, *two-dimensional* systems use lexemes only for the primary counting sequence and for the powers of the base. English, for example, contains a decimal system with nine primary numerals ("one" to "nine") and numerals for the powers of base 10 ("ten," "hundred," "thousand," etc.). From these, all other numerals are composed according to the addition and multiplication principle (with some exceptions in regularity). When hearing a number word, recurring phonological patterns provide us with externally perceivable *category* information on the dimensional structure of the system, but again, the *numerical* information is not externally available and has to be learned (e.g., that "two hundred and two" is 2 × 100 + 2). Likewise, finger counting systems can differ in dimensionality: in a one-dimensional system such as our 10-finger sequence each finger is counted separately. The Indian merchant system (Ifrah, [@B15]) is two-dimensional with base 5: the primary sequence (from one to five) is counted on one hand, the multiples of the base (5, 10, 15, 20, and 25) on the other (for this and other examples see Bender and Beller, submitted). Finger systems like this indicate that a new counting cycle has to start when the base is reached, and hence can support the distinction between base and power. Ensuring this supporting function, however, presupposes a structural match between the finger and the verbal system in terms of dimensionality, base, and regularity; mismatches in these regards slow down the learning process (Fuson and Kwon, [@B10]; Miller et al., [@B19]). Such mismatches are generated by irregular number words (like "twelve" instead of \*ten-and-two) and digit inversion (like "fourteen" instead of \*ten-and-four) as in verbal English, or when the finger counting system uses a (sub-) base different from the verbal system (cf. Domahs et al., [@B8]; Klein et al., [@B17]).

The verbal number system, once acquired, is not only used to refer to cardinal numbers, but also for counting and calculating. The next section discusses how these processes might be supported or hindered by finger counting systems.

Learning to Count and Calculate
===============================

Counting is typically performed with recourse to the verbal number sequence. The acquisition of the counting routine takes children several years, but eventually enables them to start counting from any number, proceed forward and backward easily, and extract its numerical meaning (Fuson, [@B9]; Wynn, [@B24]; Wiese, [@B22]). Five principles need to be learned (Gelman and Gallistel, [@B12]): (a) To each object, one number word is assigned (*one-to-one* *principle*); (b) the order of the objects is irrelevant; (c) the order of the number words is fixed; (d) the numeral for the last object represents the cardinality of the set; and (e) all sorts of objects can be counted in the same way. This learning process can be affected by finger activities in different ways: fingers are external tokens that can themselves be counted. Different from words, which fade away and must be memorized, fingers are permanently visible for perceptual processes and provide magnitude, interval, and ratio information. Typically, fingers are used in a stable order (Wiese, [@B22]; Lindemann et al., [@B18]), yet this yields a trade-off: it facilitates access to the number words in their correct order (principle c), but -- as fingers tend to be paired with the same numerals -- may conceal that neither the order nor the kind of objects to be counted are relevant (principles b and e). Finally, fingers can be used for book-keeping and thus for taking some load off from memory. This book-keeping, as well as implementation of the one-to-one principle, is supported more strongly, when children are allowed to gesture (Alibali and DiRusso, [@B1]), whereas *passive* hand movements tend to disrupt counting strategies, even in adults (Imbo et al., [@B16]).

Relieving memory is even more important when it comes to calculation. Mathematical algorithms like those for multi-digit addition and multiplication are taught in the first school years. They are communicated verbally, but operate on the Arabic digits. Several of their sub-processes involve language (Dehaene, [@B5]), for example, single digit calculations based on the addition and multiplication tables. Some of these are known to be supported by finger activities when children are not yet able to retrieve the results directly from memory. The first finger strategy typically used for addition problems like 3 + 5 is the "sum" strategy: hold three fingers up, hold five additional fingers up, and then count them all. Later on, children use their fingers adaptively and discover various shortcuts like *count from the first addend* (for 3 + 5: "four, five, six, seven, eight") or *count from the largest addend* ("six, seven, eight"; Siegler and Jenkins, [@B21]).

For the numbers 1--10, a decimal system encompasses 55 basic additions and multiplications each; the highest sum is 20, the highest multiple 100. Our classic finger system with 10 as limiting number provides for only 25 additions and 15 multiplications. In order to fully cover the basic operations, the limiting number needs to be extended (for respective strategies see Guha, [@B14]; Bender and Beller, submitted).

Furthermore, finger counting systems are unsuitable for depicting *negative* numbers, which may result from subtraction (e.g., 3--7). After all, as concrete tokens, fingers are either present (positive) or absent (zero), but not negative.

Conclusion
==========

The acquisition of the verbal number sequence is an essential part of learning to count and an important prerequisite for mathematical education, often accompanied by finger counting strategies. Although finger counting competencies are not indispensable for the development of numerical abilities (Crollen et al., submitted), finger-training was shown to increase children\'s numerical performance, for instance, in quantification tasks (Gracia-Bafalluy and Noël, [@B13]). It is thus not surprising that imprints of finger counting systems can be found in children\'s early number representations (Domahs et al., [@B7]), and even in adults' finger-digit mappings on a computer keyboard (Di Luca et al., [@B6]).

Based on our analysis, however, we identified some factors that might also hinder the initial learning process: structural mismatches (e.g., in base and dimensionality) between the verbal and the finger counting sequence, the limited extent of finger counting, and too strong an association between the number words and specific objects (the fingers). While some of these problems are inherent in finger counting in general, others might be reduced by choosing an appropriate system carefully (e.g., a two-dimensional finger counting system for a two-dimensional verbal system). Such efforts appear to be worthwhile, as the prototypical finger counting systems come with at least one crucial advantage: they provide a visible and easy to manipulate set of "objects," which helps to model and to internalize all the numerical information that is not externally represented in the arbitrary symbols of number words and digits.
